We give a simple method which can be used to show that an element of a free group is the only member of its doubly-twisted conjugacy class with respect to a pair of homomorphisms having a natural remnant property. We also show that most pairs of homomorphisms have infinitely many such singleton classes.
Introduction
Let G, H be finitely generated free groups, and ϕ, ψ : G → H be homomorphisms. The group H is partitioned into the set of [doubly-]twisted conjugacy classes as follows: u, v ∈ H are in the same class (we write [u] = [v] ) if and only if there is some g ∈ G with u = ϕ(g)vψ(g) −1 .
We say that a class [v] is a singleton class if the class, when viewed as a set, consists of a single element-that is, [u] = [v] for any u = v. Our principal motivation for studying twisted conjugacy is Nielsen coincidence theory (see [4] for a survey), the study of the coincidence set of a pair of mappings and the minimization of this set while the mappings are changed by homotopies. The basic tool is the partition of the coincidence points into Nielsen classes. (Much of this theory is a direct generalization of similar techniques in fixed point theory, see [5] .) The number of "essential" Nielsen classes is called the Nielsen number, and is a lower bound for the minimal number of coincidence points when f and g are allowed to vary by homotopies. Deciding when two coincidence points are in the same Nielsen class is equivalent to solving a natural twisted conjugacy problem in the fundamental groups, using the induced homomorphisms given by the pair of mappings.
Our focus on free groups is motivated specifically by the problem of computing Nielsen classes for pairs of mappings f, g : X → Y , where X and Y are compact surfaces with boundary. In this setting, the fundamental groups are finitely generated free, and Nielsen classes of coincidence points correspond to twisted conjugacy classes in π 1 (Y ).
The problem of computing twisted conjugacy classes in free groups is nontrivial, even in the singly-twisted case which arises in fixed point theory, where ϕ is an endomorphism and ψ is the identity. Existing techniques for computing doubly-twisted conjugacy are adapted from singly-twisted methods using abelain and nilpotent quotients [7] or remnant properties [9] . Our main result is not adapted from singly-twisted methods: it is suited specifically for doublytwisted conjugacy and in fact can never apply in the case where ψ = id.
In Section 2 we will present an easily computable method for showing that a particular class [v] is a singleton class, and show that this method can be used to compute Nielsen numbers which cannot be computed with other existing techniques. In Section 3 we show that "generic" pairs of homomorphisms have infinitely many singleton classes. The author would like to thank Robert Brown for helpful comments on this paper.
Singleton classes
Given homomorphisms ϕ, ψ :
Our main result is obtained by relating the twisted conjugacy relation to the coincidence subgroup of certain pairs of homomorphisms. Our first lemma is a coincidence version of a result for singly-twisted conjugacy which appears in the proof of Theorem 1.5 of [2] . Let z be the free group generated by z, and let G ′ = G * z and H ′ = H * z , with * the free product. Let γ v (h) = v −1 hv.
, and let g ∈ G be some element with
Then we have
as desired. Now assume that there is some element gzg
Consider the commutator:
Thus z commutes with u −1 ϕ(g) −1 vψ(g), and so u −1 ϕ(g) −1 vψ(g) = 1, since this word does not contain the letter z.
The above lemma is difficult to apply for the purpose of computing twisted conjugacy classes, since the problem of computing the coincidence subgroup of homomorphisms is difficult. In fixed point theory (where ψ = id), if ϕ is an automorphism, an algorithm of [6] is given to compute the fixed point subgroup Fix(ϕ). This algorithm relies fundamentally on the methods of Bestvina and Handel [1] for representing automorphisms of free groups using train tracks, and these techniques do not extend in an obvious way to coincidence theory.
Though the coincidence subgroup is in general difficult to compute, we will show that a certain remnant property will force the coincidence subgroup to be trivial.
Remnant properties were first used by Wagner in [10] : Let G have generators g 1 , . . . , g n . We say that a homomorphism ϕ has remnant if for each i, ϕ(g i ) does not fully cancel in any product of the form
where j, k ∈ {1, . . . , n}, with α l , β l ∈ {−1, 0, 1} for l = i and α i , β i ∈ {0, 1}. Given two homomorphisms ϕ, ψ : G → H, there is a homomorphism ϕ * ψ : G * G → H, defined as follows: Denoting G = g 1 , . . . , g n , we write
Then we define ϕ * ψ on the generators of G * G by ϕ * ψ(g i ) = ϕ(g i ) and ϕ * ψ(g
We have:
In particular this means that Coin(ϕ, ψ) = {1}.
Proof. If ϕ(G) ∩ ψ(G) contains some nontrivial element, then we have x, y ∈ G, both nontrivial, with ϕ(x)ψ(y)
which is not possible when ϕ * ψ has remnant: writing x and y in terms of generators will show that the left side above cannot fully cancel.
Our two lemmas can be combined to give an easily computable method for detecting a singleton class. G = g 1 , . . . , g n , and denote the generators of the free product so that
Then the homomorphism η is given by:
To show that η has remnant, we note that η(g i ) does not fully cancel with
±1 for any j (except for η(g i ) −1 ), since γ v ϕ * ψ has remnant. Also η(g i ) will not fully cancel with η(z) Note that Theorem 3 cannot be used in fixed point theory to detect a singleton singly-twisted conjugacy class, since γ v ϕ * id can never have remnant.
Example. We will give an application to a computation of the coincidence Reidemeister trace (see [8] ), which is a sum of twisted conjugacy classes defined so that the number of distinct classes with nonzero coeffiecient is equal to the Nielsen number. Consider the following homomorphisms ϕ, ψ : a, b → a, b .
By the formula of [8] we have
and we wish (in order to compute the Nielsen number, for example) to reduce the above by deciding which of the classes on the right side are the same. Checking for equivalence in the abelianization suffices to show that both of
are not the same as any of the other classes above. The abelianization is not able, however, to distinguish all of the above classes: in particular the comparison of [1] and [b −1 a −1 ba] cannot be decided by abelianization or by the nilpotent quotients method of [7] . Theorem 3, however, can complete the computation. Letting v = 1 in the theorem shows that [1] is a singleton class, because ϕ * ψ has remnant. Letting v = b −1 a −1 ba in the theorem gives the pair of homomorphisms
We can check that γ v ϕ * ψ has remnant, and thus that [b
This, combined with the data obtained from the abelianization, means that every class appearing on the right of (1) is distinct from the others, and thus that the Nielsen number is 5.
Generic pairs of homomorphisms
We conclude with a note on the generic occurrence of singleton classes. For a word w ∈ H, let |w| be the word length of the reduced form of w. A theorem of R. F. Brown in [10] can be adapted to non-endomorphisms with simple modifications, giving:
Lemma 4. Let G and H be free groups, with the rank of H greater than 1. Given any ǫ > 0, there exists some M > 0 such that, if ϕ : G → H is a homomorphism chosen at random with |ϕ(g i )| ≤ M for all generators g i ∈ G, then the probability that ϕ has remnant is greater than 1 − ǫ.
The lemma above essentially means that "most" homomorphisms have remnant. Let us say that "a generic pair of homomorphisms ϕ, ψ : G → H" has some property P if: Given any ǫ > 0, there exists some M > 0 such that, if ϕ, ψ : G → H are chosen at random with |ϕ(g i )| ≤ M and |ψ(g i )| ≤ M for all generators g i ∈ G, then the probability that the pair ϕ, ψ has the property P is greater than 1 − ǫ.
Theorem 5. Let G and H be free groups, with the rank of H greater than 1. Then a generic pair of homomorphisms ϕ, ψ : G → H has infinitely many singleton doubly-twisted conjugacy classes.
Proof. The choice of a random homomorphism η : G * G → H is equivalent to a choice of two homomorphisms ϕ, ψ : G → H, and setting η = ϕ * ψ. Thus Lemma 4, applied to homomorphisms G * G → H, shows that a generic pair ϕ, ψ will be such that ϕ * ψ has remnant. Now we need only show that if ϕ * ψ has remnant, then there are infinitely many singleton classes.
Let ϕ * ψ have remnant, and by Theorem 3 it suffices to show that γ v ϕ * ψ has remnant for infinitely many elements v ∈ H. If G = g 1 , . . . , g n , let w = ψ(g 1 ) . . . ψ(g n ). Then w is nontrivial (since ψ has remnant), and γ w ϕ * ψ has remnant. Taking powers of w gives infinitely many elements v such that γ v ϕ * ψ has remnant.
Given a pair of homomorphisms ϕ, ψ : G → H, the Reidemeister number R(ϕ, ψ) is the number of doubly-twisted conjugacy classes-it is a natural number or infinity. Much recent work has been done in the singly-twisted case in identifying groups for which R(ϕ) = ∞ for all automorphisms ϕ (this is the "R ∞ property", see [3] for a survey). Our above theorem trivially gives: Corollary. Let G and H be free groups, with the rank of H greater than 1. Then a generic pair of homomorphisms ϕ, ψ : G → H has R(ϕ, ψ) = ∞.
